Abstract. Stiller proved that the Diophantine equation x 2 + 119 = 15 · 2 n has exactly six solutions in positive integers. Motivated by this result we are interested in constructions of Diophantine equations of Ramanujan-Nagell type x 2 = Ak n + B with many solutions. Here, A, B ∈ Z (thus A, B are not necessarily positive) and k ∈ Z ≥2 are given integers. In particular, we prove that for each k there exists an infinite set S containing pairs of integers (A, B) such that for each (A, B) ∈ S we have gcd(A, B) is square-free and the Diophantine equation x 2 = Ak n + B has at least four solutions in positive integers. Moreover, we construct several Diophantine equations of the form x 2 = Ak n + B with k > 2, each containing five solutions in non-negative integers. We also find new examples of equations x 2 = A2 n + B having six solutions in positive integers, e.g. the following Diophantine equations has exactly six solutions:
Introduction
Let us consider the Diophantine equation x 2 = 2 n − 7 and ask about its solutions in integers (x, n). The question concerning characterization of all integral solutions of this equation was posed by Ramanujan in 1913. Ljunggren posed the same question in 1943. Finally, in 1948 Nagell found all solutions of this equation and since then this equation is known as Ramanujan-Nagell equation. It is nowdays well known that it has exactly five solutions (x, n) = (1, 3), (3, 4) , (5, 5) , (11, 7) and (181, 15) . Note that the proof of this fact appeared in English in 1960, see [11] . This result was also independently obtained by several writers (Lewis, Chowla, Browkin-Schinzel). This discovery was a good motivation for mathematicians to work on more general equations of Ramanujan-Nagell type, i.e. the equations of the form (1) x 2 = Ak n + B, k ∈ Z ≥2 , A, B ∈ Z \ {0}.
Here we assume that A, B are not both negative. From the Siegel result on prime divisors of polynomial values we know that this equation has only finitely many solutions in integers. Many papers are devoted to the study of integral solutions of the equation (1) in the case when A = 1 and k is a prime number [1, 3, 4, 14] . In particular, it is known that if A = 1, B < 0 and k is an odd prime number not dividing B, then the Diophantine equation (1) has at most one solution in positive integers x and n, unless (p, B) = (3, 2) or (p, B) = (4a 2 + 1, 3a 2 + 1) for some a ∈ N. In these cases, there are precisely two such solutions [1, 5] . In the case A = 1, B > 0 with an odd prime number k satisfying p ∤ B, the equation (1) has at most four solutions in positive integers x, n [4] .
More recent results on the equation (1) can be found in [2] , where the authors are interested with solutions satisfying n ≥ 2 (however, later in that paper they assume n ≥ 1). One can also look into an interesting paper [12] where the authors look for solutions of (1) with n ≥ 2. Typical result proved in the cited papers state that there are at most one, two or three solutions in positive integers x, n. More precisely, we do not know much about Ramanujan-Nagell equations which have many solutions and this motivated us to state the general problem of constructing Ramanujan-Nagell type equations with many solutions in non-negative integers.
Problem 1.1. Find examples of Ramanujan-Nagell type Diophantine equations with many solutions in non-negative integers.
We are thus interested in the solutions of (1) which are non-negative integers. We are aware that the statement of the problem above is not very precise. Here, the meaning of "many" depends on the type of equation under consideration. For example, Stiller proved that the Diophantine equation x 2 = 15·2 n −119 has exactly six solutions in non-negative integers and noted that the Diophantine equation x 2 = 35 · 2 n − 391 has exactly five solutions. So, in the case of k = 2, by many we will understand five or six. Next, if k > 3 then according to our best knowledge there is no example of a Ramanujan-Nagell equation which has five or more solutions. Thus, in this case by many we will understand five (or more). Similarly, if A = ±1 then by many we will understand three (or more).
Let us describe the content of the paper in some detail. In section 2 we prove that for each k ∈ Z ≥2 there are infinitely many pairs of integers A, B such that gcd(A, B) is a square-free integer and the Diophantine equation x 2 = Ak n + B has at least four solutions in non-negative integers. Next, we will describe our general search procedure which was used in our computer experiments. In particular we present two infinite families of the equations of the form x 2 = A2 n + B which have at least five solutions in integers. We also present new examples of this form with exactly six solutions. We also present some results concerning the equation (1) with k ≥ 3 having at least five solutions. In section 3 we consider the equation x 2 = k n + B. For each even k we construct an infinite family of B's such that the equation x 2 = k n + B has at least three solutions. We also raise the question concerning the construction of equations of the considered type which satisfy additionally the condition gcd(k, B) = 1 with even k. This question is motivated by the observation made by Beukers in [3] . In particular we found three equations of the form x 2 = k n + B satisfying the condition gcd(k, B) = 1 and having three solutions. Finally, in the last section we present some remarks concerning the equation (1) with A < 0.
2. The method of search and the equation x 2 = Ak n + B with A > 0
We start with the following simple results which shows that for any k ∈ Z ≥2 there are infinitely many (essentially) different values of A, B such that the Diophantine equation x 2 = Ak n + B has at least four solutions. This simple result is an immediate corollary from our earlier results presented in [8] .
Theorem 2.1. For each k ∈ Z\{−1, 0, 1} there are infinitely many pairs of integers A, B such that gcd(A, B) is square-free and the Diophantine equation x 2 = Ak n +B has at least four solutions in non-negative integers.
Proof. In order to prove this result we use the polynomial F (x) = P x + Q, where 
we see that the Diophantine equation x 2 = Ak n + B has solutions with n = 0, p, q, r. Here, we denote by A = A(p, q, r) and B = B(p, q, r) the values of
, respectively. In order to finish the proof we need to show that for infinitely many triples of positive integers p, q, r with p < q < r we get infinitely many different pairs (sf(A(p, q, r)), sf(B(p, q, r))), where sf(N ) is square-free part of an integer N . In other words, it is enough to show that for any fixed triple of integers (p ′ , q ′ , r ′ ) there are infinitely many triples (p, q, r) satisfying the condition p < q < r, such that the system of Diophantine equations
has no integer solutions in T . Here, in order to shorten the notation, we put
. In order to find suitable values of p, q, r we first put p = mt, q = mt + 1, r = mt + 2, where m, t are positive integers which will be chosen later. Using the expression for A given above, we have
where we put x = k t . Let us denote the right hand side of the above equality by H m (x). We observe now that the (hyperelliptic) curve C : aT 2 = H m (x) (treated as a curve in the (x, T ) plane) is of genus g(C) = ⌊ 3m 2 ⌋. In particular, g(C) ≥ 2 for m ≥ 2. Using now the Faltings theorem [9] we get that the curve C has only finitely many rational solutions, say (x 1 , T 1 ), . . . (x n , T n ). However, there are only finitely many values of j ∈ {1, . . . , n} such that x j = k t . If t ′ is the biggest solution of the equation x j = k t then for each t > t ′ we immediately deduce that there are no integers satisfying the equality H m (k t ) = aT 2 . Summing up we proved that for any given triple (p ′ , q ′ , r ′ ) there are infinitely many values of (p, q, r) of the form (mt, mt + 1, mt + 2) with m ≥ 2 and sufficiently large t (dependent on the finite number of rational points on the curve C) such that the system (2) has no solutions in integers.
Remark 2.2. We expect that much more is true. To be more precise: we think that for each triple (p ′ , q ′ , r ′ ) of nonnegative integers with p ′ < q ′ < r ′ there are only finitely many triples (p, q, r) such that the system of Diophantine equations given by (2) has a non-trivial integer solution in T .
We give now a short description of the method which allows us to find examples of the equations x 2 = Ak n +B with various constraints on k, A, B and many solutions. First, we consider the case of A, B with A positive. Given A, the idea is to choose an integer B in such a way that the equation x 2 = Ak n + B has two fixed solutions. In particular, because we also include the case when k | A we can assume that the first solution is given by n = 0. This implies that B = x 2 1 − A for certain A, x 1 ∈ Z. Next, if we want to have second solution with fixed n = p, where p is a given positive integer, then necessarily x 2 2 = Ak p + B for certain x 2 ∈ Z and x 1 < x 2 . This implies that the numbers x 1 , x 2 , A satisfy the equation
. So, for any given A we consider the set
i.e. the set of divisors of the number K := A(k p − 1). We thus see that for each
given by
and the corresponding B we are looking for takes the form
We thus see that for any given d ∈ D such that the value of x 1 is an integer we have values of A, B which gives an equation x 2 = Ak n + B with at least two solutions in positive integers (i.e. those with n = 0, p). Moreover, in order to reduce the number of possible solutions without loss of generality we can assume that the number gcd(A, B) is square-free. Performing then a brute force search of additional solutions of this equation we can find those values of A, B which lead to equations with many solutions. Let us note that modifications of this method were used in investigations devoted to the study of Brocard-Ramanujan type equations [15] and its various generalizations [8] .
We performed independent searches for the case of k = 2 and k > 2. In the case of k = 2 we found some infinite families of equations which have at least five solutions.
Theorem 2.3. For each positive integer m the Diophantine equations
have at least five solutions in positive integers. The first equation has solutions given by
The second equation has solutions given by
Proof. We left the simple check that the displayed solutions satisfy corresponding equations to the reader. However, let us note that the Ramanujan-Nagell equation
n is contained in the first family (after division of both sides by 9) for m = 1 with additional solution for n = 4 (however, 3 = m + 2 in this case).
We also found new equations with six solutions extending the result of Stiller from [13] . Our computations based on the method described above, were performed for 0 < p ≤ 30 and A ≤ 10
6 . In this range we were able to find only two pairs (A, B) such that the Diophantine equation x 2 = A2 n + B has six solutions. In both cases B is even and positive. More precisely, we have the following result: Similarly, the Diophantine equation
has exactly six solutions in non-negative integers, given by Proof. We start with the first equation. By computer search one can easily check that the only solution with n ≤ 26 is the one displayed in the statement of the theorem. We thus can assume that n ≥ 26. Let us put n = 26 + m with m ≥ 0 and let us observe that 117440512 = 2 24 · 7. By putting now x = 2 12 X we reduce our problem to the proof that the Diophantine equation X 2 = 4 · 57 · 2 m + 7 has no solutions in integers with m ≥ 0. However, this is very easy because the shape of the equation immediately implies that X 2 ≡ 3 (mod 4) which is clearly impossible. Let us consider the second equation. We observe that in order to find solutions it is enough to find all integer solutions of the Diophantine equations x 2 = ay 3 +26404 with a ∈ A, where A = {165, 2 · 165, 4 · 165}. Then solutions in y which are powers of 2 will correspond to the solutions of our equation. Equivalently, we are interested in the integer solutions of the Diophantine equations
m , where a ∈ A. Using the Magma computational package [6] we were able to find all integer solutions of the Diophantine equations we are interested in. More precisely, we used IntegralPoints procedure implemented in Magma which allows to find all integral points on given elliptic curve given by a Weierstrass equation. We gather the results of these computations in the table below. A quick inspection of the corresponding solution sets reveals that the only nonnegative integer solutions of x 2 = 165 · 2 n + 26404 satisfy n ∈ {0, 5, 7, 8, 10, 12}.
Remark 2.5. It is possible to give a completely elementary proof of the fact that the only solutions of the equation x 2 = 165 · 2 n + 26404 correspond with n = 0, 5, 7, 8, 10, 12 using the approach presented in Stiller paper [13] (see also [10, 14] ). In this case we need to consider solutions of two Pell type equations: n , y (2) n ) satisfying the recurrence relations Remark 2.6. From the work of Beukers [3, 4] it is known that the only equation of the form x 2 = 2 n + B, B ≡ 1 (mod 2), which has at least five solutions satisfying n ≥ 1, corresponds to B = −7. However, if we drop the condition on B and allow non-negative solutions, we have the equation x 2 = 2 n + 1088 with five solutions given by (x, n) = (33, 0), (40, 9), (56, 11), (72, 12), (184, 15).
Here we have 1088 = 2 6 · 17. However, we were unable to find more equations with this property.
Remarkably, in case of k > 2 which is not a power of two we have found only a few equations of the form x 2 = Ak n + B (satisfying the condition gcd(A, B) is a square-free number), which have at least five solutions. We gather the result of our computation in the following theorem.
Theorem 2.7. Each of the following Diophantine equations has exactly five solutions in non-negative integers (x, n):

No. The equation
The solution set for n 1 x 2 = 28 · 3 n + 2997, n = 0, 2, 5, 6, 10, 2 Summing up: A quick inspection of the corresponding solution sets reveals that the only integral solutions of our equations are given in the statement of our theorem.
Our theorem is proved.
3.
The equation
In this section we are interested in finding equations of the form x 2 = k n + B with "many" solutions and satisfying the condition B ≡ 0 (mod k 2 ). In order to find examples with at least three solutions we need a small modification to the method presented in Section 2. Indeed, here we need to assume that A = k q for a fixed positive integer q < p. Then we will have the equation x 2 = k n + B with at least two solutions at n = q, p. In [4, Par. 3] Beukers found that if
where t, m ∈ N and ǫ ∈ {−1, 1} then the Diophantine equation x 2 = k n + B has at least three solutions given by
Note that in this case k is odd. A question arises whether it is possible to find similar families with k even. In the next theorem we show that there are infinitely many k's such that the equation x 2 = k n + B has at least three solutions in positive integers and B ≡ 0 (mod k 2 ). More precisely, we have the following result:
Theorem 3.1. For positive integer t and a non-negative integer m the Diophantine equation
has at least three solutions in positive integers (x, n) given by:
Proof. We left the simple check that the displayed solutions satisfy the corresponding equation to the reader.
Let us observe that in the Beukers family we have gcd(k, B) = 1. However, in our family with k even this condition is not satisfied. An interesting question arises whether we can find equations x 2 = k n + B having at last three solutions in positive integers with k, B satisfying the condition gcd(B, k) = 1 with even k and not of the form 2 m or with odd k not of the form 4t 2 + ǫ. It is quite interesting that we were unable to find an odd integer k not of the form 4t
2 + ǫ and an integer B such that gcd(k, B) = 1 and the equation x 2 = k n + B has at least three solutions. We considered the equations x 2 = k n + B with k ∈ {7, 9, 11, 13, 19} which have two solutions n = p, q with p < q < 40. We then searched for further solution in n ≤ 100. From the work of Bauer and Bennett [2] we know that if k is a prime number and B is positive then the equation x 2 = k n + B has at most three solutions satisfying n ≥ 1. This suggest the following natural problem, which in the case ǫ = 1 was stated by Bauer and Bennett in [2] . What is going on in the case of even values of k? The first candidates which should be investigated are k = 6, 10, 12, .... Using the method described in Section 2 we performed numerical calculations and found that if the equation x 2 = k n + B has at least three solutions in non-negative integers for k ∈ {6, 10, 12, 14, 18, 20} with the smallest solution ≤ 40, n ≤ 100 and gcd(B, k) = 1, then they are exactly three solutions of our problem. More precisely, we have the following result. Proof. As before we consider the problem of finding all integral points on the curve
2 with a ∈ {1, 6, 36}. Using Magma one more time we have obtained the characterizations of integral points on corresponding curves. We gather these results in the table below. Table 11 .
A quick look into the Table 11 reveals all instances of integral points for which Y -th coordinate is a power of 6. We consider now the problem of finding all integral points on the curves x 2 = aY 4 + 274837012705 with a ∈ {1, 6, 36, 216}. The cases a = 1 and a = 6 2 are easy because we are dealing with equations which can be easily solved by factorization. The cases a = 6 and a = 216 were solved with the help of the IntegralQuarticPoints procedure in Magma. All integral solutions of the considered equations are given below. In this section we consider the Diophantine equation x 2 = Ak n + B with constraint A < 0. Of course, in this case the equation has only finitely many solutions in integers and we have a useful bound for solutions: each n which solves the equation x 2 = Ak n + B with A < 0 satisfies n ≤ log k B |A| . However, we are mainly interested in the case A = −1. Thus we consider the equation x 2 + k n = B and ask about characterization of those positive integers k such that there exists an infinite set B such that for each B ∈ B we have B ≡ 0 (mod k 2 ) and our equation has at least three solutions in positive integers. We propose the following result: Theorem 4.1. Let t be an indeterminate and put k = t 2 +1. Then for each positive integer m, the Diophantine equation
treated as an equation in polynomials, has exactly three solutions in (x, n) ∈ Z[t]×N, with the solutions corresponding to n = 0, m + 2, 2m + 2.
Proof. Let us denote the right hand side of our equation by H m (t). First we need to show that H m is indeed a polynomial with rational coefficients. In order to do this we need to check that t = 0 is a double root of H m . This is true for m = 0, 1 and thus we can assume m ≥ 2. It is clear that t = 0 is a root of the polynomial
Moreover, we know that k ′ (0) = 0 and from the identity
we easily deduce that H m is a polynomial in Q[t]. Let us observe that the following pairs (x, n) are solutions of our equation:
We show now that there are no more solutions. In order to see this we note that a necessary condition for existence of a polynomial
We are thus interested in integer solutions of the Diophantine equation x(1) 2 + 2 n = 2 2(m+1) + 1. Remarkably, this equation (with slightly different notation) was considered by Beukers in [3, Theorem 2] . He proved that the only solutions correspond to n = 0, m + 2 and 2m + 2 which are exactly our values for n. Our theorem is proved.
It is clear that for any given integer value of t we can compute k and get the equation x 2 + k n = B with at least three solutions in integers. The first few values of k from the above theorem are k = 2, 5, 10, 17, 26, 37, 50, . . .. A question arises whether for k not of the form t 2 +1 we can find B such that the equation x 2 +k n = B has at least three solutions in integers. This seems to be a rather difficult question. We performed calculations for each k < 50 not covered by the Theorem 4.1 in order to find integers B with the property that the equation x 2 +k n = B has at least three solutions in n with n ≤ 50. We collect these values together with corresponding solutions in table below. In fact, for the value of B which was computed, the solutions presented in the third column of the table contain all solutions of the corresponding equation. It is interesting to note that we were unable to construct an infinite family of equations with k = t 2 + 1 and having at least three solutions in integers. Table 13 In the case of the equation x 2 = A2 n + B with A < 0 we offer the following two conjectures. 
